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NUMERICAL SEMIGROUPS OF SMALL EMBEDDING
DIMENSION
ANTOINE MHANNA1∗
Abstract. This paper will represent in a simple way some known facts about
semigroups especially when the number of minimal generators (that is the
embedding dimension) is at most three and at least two minimal generators
are coprime. For some numerical semigroups an explicit algorithm is given to
find a possible Pseudo-Frobenius number. The originality of this exposition is
that it is a straight application of a remark written by Sylvester himself.
1. Introduction
As the title indicates we shall in particular revisit numerical semigroups S having
at most three minimal generators. However first; in contrast to other research
analogies we shall consider general semigroups i.e. letting a1, · · · , an be n positive
integers with gcd(a1, · · · , an) = m, the set S
′ :=
{
s∑
i=1
λiai, s ∈ N, λi ≥ 0, for all i
}
is called the semigroup S′ and a1, · · · , an are called the generators of S
′. a1, · · · , an
are minimal generators if we cannot take out a generator ai without changing the
set S′, in this case we denote S′ by 〈a1, · · · , an〉. Ifm = 1 the semigroup S
′ becomes
a numerical semigroup and is denoted hereafter by S. We will see (Lemma 1) that
for such semigroups there exist a point F (S) known as the Frobenius number for
which every n > F (S), n ∈ S. The set of points E := {y ≤ F (S), y ∈ S} is also
called set of green points. The cardinality of E is denoted by |E| . Wilf’s Conjecture
(which we will not discuss here) stats that for a given S = 〈a1, · · · , an〉, we have:
n.|E| ≥ F (S) + 1.
I will be giving a proof that is due to Sylvester, nevertheless no literature exist
(to my knowledge) that explicit in details what Sylvester has to say concerning
semigroups with two minimal generators.
Remark 1. Notice that a1a2 = λ1a1 + λ2a2 is impossible for any λ1, λ2 ∈ N both
different from 0 and a1 and a2 are coprime i.e gcd(a1, a2) = 1.
We will suppose hereafter that a1 < a2.
2. Two minimal generators
Definition 1. Let a1 and a2 be positive integers with gcd(a1, a2) = 1. The set of
positive numbers x of the form x = αai − βa3−i, i = 1 or 2 with 0 < α < a3−i
and 0 < β < ai is called the non-compound set (this will be clarified next) and is
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denoted by NC. The set of numbers x of the form x = αa1+βa2 with α > 0, β > 0
and x < a1a2 is called the compound set and is denoted by C.
The next theorem was just a line in a brief illustration remarked by Sylvester,
(see [1] on p. 134).
Theorem 1. For S = 〈a1, a2〉, we have x ∈ NC if and only if 0 < x < a1a2 and
x /∈ S.
Proof. Clearly if we subtract from a1a2 such number x the result is a positive
number y, (y ∈ S). Suppose x ∈ S, x < a1a2, x = aa1 + ba2 = αai − βa3−i for
some positive numbers a, b but this contradicts the fact that α < a3−i and β < ai.
|NC| =
(a1 − 1)(a2 − 1)
2
. Take the numbers less than a1a2 having neither a1 nor
a2 as a divisor, there are (a1 − 1)(a2 − 1) such numbers, arrange them as couples
summing a1a2 -this is possible see Remark 1- if x ∈ NC, a1a2−x = y ∈ S, and if y ∈
C, (a1a2 − y) = x /∈ S, that means that x ∈ NC. Finally |NC| =
(a1 − 1)(a2 − 1)
2
and |NC|+ |C| = (a1 − 1)(a2 − 1). 
We have proven that |NC| = |C| =
(a1 − 1)(a2 − 1)
2
. The number F (S) =
(a1−1)(a2−1)−1 doesn’t belong to S, indeed since a1a2−F (S) is compound, the
nearest (smaller) non compound number is precisely y = F (S)− a1, but again the
difference between F (S) and y is a1 and F (S) + a1 ∈ S so all n > F (S) do belong
to S. In other words |E| = (a1 − 1)(a2 − 1)−
(a1 − 1)(a2 − 1)
2
=
(a1 − 1)(a2 − 1)
2
and 2.|E| = F (S) + 1.
Now we can characterize all the numbers that aren’t in S := 〈a1, a2〉.
Proposition 1. The set NC is the set {F (S)− y, y ∈ S, y < F (S)}
Proof. A direct application of previous arguments. 
Notice at last that any integer x < a1.a2 in S has a unique representation as x =
αa1+βa2 with (α, β) ∈ N
2, α < a2 and β < a1 because if not αa1+βa2 = νa1+γa2
and (α−ν)a1 = (γ−β)a2 and we can’t have a2 divides (α−ν) or a1 divides (γ−β)
A number x in NC can be written as a1.a2−wa1− ra2 = (a2−w).a1− r.a2 where
1 ≤ w < a2 and 1 ≤ r < a1 hence the uniqueness of (w, r) ∈ N
2 follows from the
last argument.
Interested reader can see [10] and the references therein (in particular [11]) for
an extensive reading on numerical semigroups.
2.1. Bezout Theorem. The following lemma generalizes Sylvester’s idea to semi-
groups:
Lemma 1. Let S′ = 〈a1, · · · , an〉 with gcd(a1, · · · , an) = m then there is an integer
α0 such that for all α ≥ α0, αm ∈ S. In particular when m = 1, S
′ becomes S and
we have the existence of F (S) the Frobenius number.
Proof. Start by n = 2, the semigroup
〈a1
m
,
a2
m
〉
is a numerical semigroup so called
S, any number x > F (S) do belong to S multiplying x by m we get the result.
First we deal with m = 1, (any semigroup S′ can be transformed in a numerical
semigroup by dividing each minimal generator by m) say S = 〈a1, a2, a3〉 and
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m2 = gcd(a1, a2) > 1 we already know that m
j
2 is in 〈a1, a2〉 for some large j
but since m = 1; 〈mj2, a3〉 is a numerical semigroup and the statement follows.
By induction if mn−1 = gcd(a1, · · · , an−1) > 1 then r := z
i is in the semigroup
〈a1, · · · , an−1〉 for sufficiently large i; z is formed by factors that are common to all
ai’ s with 1 ≤ i ≤ n− 1. Having m = 1, S1 = 〈r, an〉 is a numerical semigroup and
for all x > F (S1), x ∈ S1; x multiplied by m will be in S
′. When mn−1 = 1 we can
remove minimal generators until mh = gcd(a1, · · · , ah) > 1 and the same proof can
be applied here. 
Theorem 2. Let S′ = 〈a1, · · · , an〉 with gcd(a1, · · · , an) = m then there exists at
least one n− tuple λ = (λ1, · · · , λn) ∈ Z
n such that
n∑
i=1
λiai = m.
Proof. By Lemma 1, take any β ≥ α0 so that (β + 1)m− βm = m. 
We end this section by the following definition
Definition 2. For a numerical semigroup S, T (S) := {x ∈ N, x 6∈ S, x + s ∈
S, for all s ∈ S, s > 0}. The cardinality of T (S) is called the type of S and a
number in T (S) is called a Pseudo-Frobenius number
3. Adding a third minimal generator
In the previous section we have characterized to a satisfactory point numerical
semigroups with two coprime minimal generators, by that i mean we shall restrict
our study on this type of numerical semigroups. Using the given results and a
simple combinatorial discussion a conditional explicit characterization of ‘possible’
Pseudo-Frobenius numbers is given when S := 〈a1, a2, a3〉 with a1, a2 coprime and
a3 is any third generator so that S is minimally generated by a1, a2, a3. As we have
mentioned hereafter a1 and a2 are coprime with a1 < a2.
The next remark is already well known and is very useful:
Remark 2. [4, 10, 11] Let a1, a2, · · · , ak be positive integers. If gcd(a2, · · · , an) = d
and aj = d.a
′
j for each j > 1 then
• F (〈a1, a2, · · · , an〉) = d.F (〈a1, a
′
2, · · · , a
′
n〉) + a1.(d− 1).
• The type of 〈a1, a2, · · · , an〉 equals type of 〈a1, a
′
2, · · · , a
′
n〉.
Remark 3. A number x in NC is written as a1.a2 − ka2 − j.a1 and we have
0 < k < a1 if and only if 0 < j < a2. This is useful when i.x ∈ NC and:
0 < i.k < a1 so 0 < i.j− (i−1).a2 < a2 or 0 < i.j < a2 so 0 < i.k− (i−1).a1 < a1.
Definition 3. For S = 〈a1, a2, a3〉 and Q = 〈a1, a2〉 we call the (j, k) sequence
of origin a3 the set Aa3 := {1 < x ≤ F (Q), x = a1.a2 − kq.a2 − ji.a1, ji and
kq are decreasing} with a3 = a1.a2 − k.a2 − j.a1 the smallest number in this set,
j ≥ 1& k ≥ 1.
A (j, k) sequence is called k level short if j is irrelevant and we say a k level is
highest then a k′ level if k > k′ and vice versa. A (j, k) level is called the j under
level if k is irrelevant and we say a j under level is highest then a j′ under level if
j > j′ and vice versa.
From this definition and the unique representation of NC numbers we have:
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Lemma 2. Let S = 〈a1, a2, a3〉, Q = 〈a1, a2〉, a3 = a1.a2 − k.a2 − j.a1 for some
1 ≤ k < a1; 1 ≤ j < a2. If for all α > 1; α ∈ N, αa3 ∈ Aa3 ∪ Q then the possible
Pseudo-Frobenius numbers are {a1.a2 − (k + 1).a2 − a1; a1.a2 − a2 − (j + 1).a1}
Example 1. Take 〈4, 9, 15〉 with a3 = 15, F (S) = 14 = 4.9− 2.9− 4 and the other
Pseudo-Frobenius number is 11 = 4.9− 9− 4.4 as expected.
Corollary 1. Let S = 〈a, h.a+ d, h.a+2.d〉 with gcd(a, d) = 1, h ≥ 1 and a is odd
then we have:
T (S) ⊆ {a.(h.a+2.d)−a− (a−1
2
+1).(h.a+2.d); a.(h.a+2.d)− (h.a−1
2
+d+1).a−
(h.a+ 2.d)}.
Proof. Take Q = 〈a, h.a+2.d〉 where a1 = a, a2 = (h.a+2.d) and apply Lemma 2.

In Lemma 2 one can check that F (S) = a.(h.a+2.d)− a− (a−1
2
+1).(h.a+2.d)
and equalize it with the formula of F (S) given in [9, Chap.3] (or in [12]) for a
more general family of numerical semigroups with an Arithmetic progression of
generators, see also [14]. Observe that the condition of Lemma 2 is satisfied for
sufficiently large α0 (or a3) for α0a3 ∈ Q. Additionally the discussion make sense
only when αa3 changes between different ‘new’ sequences (at least two) for finite
distinct values of α i.e. for each step of i til αi.a3 ∈ Aαja3 ∪ Q where j < i
and αi is an increasing integer sequence, but if αi.a3 ∈ Aαja3 for j < i then
(αi − αj).a3 = αu.a3 ∈ Q so we will replace αi by i for i = 1, 2, 3 · · · ,m where m
is the least integer such that m.a3 ∈ Q.
Remark 4. Let us start from i = 1, a3 = a1.a2 − k.a2 − j.a1 as we said the none
triviale case is when at least 2.a3 6∈ Q because if not we get that i.a3 ∈ Aa3 ∪Q for
every i which is the case of Lemma 2. There are two stages for i.a3 by Remark 3,
stage 1, 1 < i ≤ p (p > 2) where: i.k < a1 (so i.j > a2) with i.j − (i − 1).a2 < a2
(upgrade level) or i.j < a2 (so i.k > a1) with i.k − (i − 1).a1 < a1 (downgrade
level); stage 2 (which is out of our discussion) for p < i ≤ m we have i.j ≥ a2 and
i.k ≥ a1 and i.a3 /∈ S. So we suppose that stage 2 doesn’t exist that means before
getting to this stage our i.a3 will be in Q, this supposition is a conjecture and it
would be nice to see a counter-example.
The two starter candidtates as Pseudo-Frobenius numbers are F1 = a1.a2−a2−
(j + 1).a1 and F0 = a1.a2 − (k + 1).a2 − a1. We denote by Fi the candidates
that appear as successors of F1 or F0. To clarify this we suppose an upgrading
level in stage one, then it is easy to see that Fi = a1a2 − a1 − (i.k + 1).a2 is a
candidate at the ith step and the following is verified Fi + k.a2 = Fi−1, i ≥ 1, in
this sequence we can’t have two Pseudo-Frobenius numbers Fi1 and Fi2 (i1 < i2)
because if not we can write Fi2 +(i2−i1)k.a2 = Fi1 a contradiction to the definition
of a Pseudo-Frobenius number. In fact here if Fi ∈ S for 1 ≤ i ≤ l and Fl+1 6∈ S
then the possible Pseudo-Frobenius integer in this sequence is Fl+1. Similarly in a
downgrading first stage Fi = a1.a2 − (i.j + 1)a1 − a2 and we have Fi + j.a1 = Fi−1
for all 1 < i ≤ p and if Fi ∈ S for 1 ≤ i ≤ l and Fl+1 6∈ S then the possible Pseudo-
Frobenius integer in this sequence is Fl+1, if F1 6∈ S no Pseudo-Frobenius number
can be among F ′is except F1. By construction our F
′
is are such that Fi+ q ∈ S for
all q ∈ 〈a1, a2〉. The only remaining verification for the candidate is if Fs + a3 is in
S. Additionally it is easy to see that the last Fi (Fp) will not be in S since it has
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for the upgrading resp. downgrading stage a higher level resp a higher under level
than the highest possible in S.
Lemma 3. Let S = 〈a, a+ 1, i.a+ 3〉, Q = 〈a, a+1〉 where a = 3.k+ j, 0 < i ≤ 2,
j = 1 or j = 2 then {a2 − (k.(3 − i) + 1).a− 1} ⊂ T (S)
Proof. Write i.a+3 = a.(a+1)− (3− i).a− (a−3).(a+1), we are in a downgrading
stage with (k+1).a3 = k.a+2.(a+1) when j = 1, (k+1).a3 = a.(2k+1)+2.(a+1)
when j = 2 and for all n ≤ k, n.a3 = a.(a+ 1)− n(3 − i).a− (a− 3n).(a+ 1). We
will show that Fk−1 ∈ S
(1) i = j = 1, Fk−1 = 3.k + 1 + k.(3.k + 4) = a+ k.(a+ 3).
(2) i = 2 and j = 1, Fk−1 = k.(2.a+ 3).
(3) j = 2 and i = 1, Fk−1 = k.(3.k+5)+3.k+2+3k+3 = k.(a+3)+a+a+1.
(4) j = i = 2, Fk−1 = a+ 1 + k.(2.a+ 3).
Fk /∈ S and Fk + a3 =
{
k.a+ 2.(a+ 1)− a+ γ.(a+ 1) for j = 1
a.(2k + 1) + 2.(a+ 1)− a+ γ.(a+ 1) for j = 2
,
so {a.(a+ 1)− (k.(3− i) + 1).a− (a+ 1)} ⊂ T (S) which is the result. 
Example 2. Take S := 〈7, 8, 10〉 applying Lemma 3 we get {13} ⊂ T (S) neverthe-
less F (S) = 19 as it can be verified.
Different algorithms already exist for finding F (S) with S a three minimally
generated semigroup, among them is [4] also [6], Ro¨dseth’s formula [3, 5]; and
more recently [2, 7, 8]. We refer to [9] for a further discussion on these and other
generalized algorithms.
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